A continuous model for entrainment of the circadian clock responding to light/dark cycles is analytically studied. The circadian rhythm is entrained to light/dark cycles in a certain range of periods including the 24 hour period. Entrainment ranges vary among organisms; plants show much larger ranges than mammals. To analyze entrainment manners, we exploit a simplified model in which the angular velocity of the circadian rhythm is modulated by a sinusoidal function of phase difference between the circadian rhythm and reference phases. This model contains only one parameter called entrainment strength (%). For light and dark states, we set two reference phases. Using this model, we characterized the entrainment manners of circadian rhythms under non-24 hour light/dark cycles. The conditions of the % value for the entrainment were analytically calculated and a phase diagram showing entrainment/non-entrainment boundaries was drawn. In the diagram we found a region where disordered orbitals emerge. Then, critical values for the entrainment and the disordered irregular motion of the oscillation were derived. Simulation results near a critical value were comparable with the experimental results of the entrainment manners of plant circadian rhythms, suggesting the compatibility of self-oscillation and a strong light/dark response in plants. The diagram clearly represents an overview of the relationship between entrainment strengths and entrainment manners of circadian rhythms in general, and enables us to uniformly compare strengths of periodic stimuli in the environment and degrees of responsiveness for the stimuli among various circadian rhythms.
Introduction
Most organisms including plants, animals, and even bacteria have circadian rhythms to adapt to their environments with day-night cycles. Circadian systems exhibit self-oscillatory properties with an ability to synchronize to the cyclic environments. Appropriate synchronization of circadian systems is essential for their functions. These biological oscillation systems have been studied from various aspects: molecular, physiological, and mathematical ones (1) (2) (3) (4) (5) .
The modern mathematical treatment of synchronization phenomena was initiated in the studies by Arthur Winfree (6, 7) . Following these, Yoshiki Kuramoto built a theoretical milestone in the field (8, 9) . Various phase related phenomena converged and were connected in the world of statistical mechanics through the Kuramoto model, including reduction theory. Following this, theoretical works on synchronization phenomena have utilized the framework of the Kuramoto model for its strengths in generality and applicability. On the other hand, more concrete models have been demanded in order to deeply understand complex synchronization behaviors and to unpack biochemical reaction mechanisms. Entrainment (synchronization) phenomena of circadian rhythms have been mathematically analyzed through two fundamental tools: the discrete model and the continuous model (1) . The discrete model is based on the phase-shift as a response to pulse-like stimuli. This model has been successfully applied to phase shifts of circadian rhythms induced by periodic pulses such as skeleton photoperiods. However, the natural light/dark cycles are complete photoperiods that are unlike the simple pulse-like stimuli of lights.
The continuous model is based on the modulation of a free-running period (FRP). The idea of this model seems to be more suitable for the entrainment of circadian rhythms in light/dark conditions. To assess capabilities of entrainment to complete photoperiods, non-24 hour light/dark cycles (T-cycles) have been experimentally applied to various circadian phenomena of animals, plants, and cyanobacteria, and theoretical models to understand those entrainment manners have been demanded (10) (11) (12) (13) (14) (15) . The molecular bases of circadian behaviors under T-cycles were also studied (16) (17) (18) . Although continuous models proposed for these entrainment phenomena were numerically complicated in quantitative evaluation, Ermentrout and Rinzel (1984) proposed a simple continuous model to quantitatively explain the entrainment phenomena of firefly flashing rhythms to external periodic flashing lights (19) . This model can be regarded as a direct application of the Kuramoto model on the experimental results, i.e., the external force with continuous phase modulates the angular velocity of flashing rhythms.
Here we propose a solvable continuous model with two states of external forces to analyze the entrainment phenomena of circadian rhythms in light/dark conditions. Instead of supposing external forces with a continuous phase, we assume a switching of external forces dependent on the light/dark conditions. Through this model, we quantitatively evaluate the capabilities of entrainment of circadian rhythms to light/dark cycles with various period lengths (T -cycles). Then we show that the results of this model correspond to the experimental results of heterogeneous cellular circadian rhythms in the same plant.
Model
The Ermentrout/Rinzel model (19) for the entrainment of flashing rhythms to light/dark cycles is described by the following equations,
where ' is phase of flashing rhythms, ' / is the reference phase of external force, * is intrinsic angular velocity of flashing rhythms, * 4 is angular velocity of external force, and % is entrainment strength. The angular velocity can be expressed as where 7 is the period length of light/dark cycles. In this study, 9:; means a free-running period of a rhythm without any external forces (% = 0). When ' / increases at a constant velocity, which means that the light/dark cycles give the continuous phase as temporal information to the rhythms, an entrainment orbit and the range of % for the entrainment were revealed by the ordinary differential equation (20) .
When applying this model to the entrainment of circadian oscillations under light/dark cycles (' is phase of circadian oscillations, * is intrinsic angular velocity of circadian oscillations), the assumption of "continuous phase information of the environmental cycles from 0 to 26" sounds to be unlikely. There are only two states: light and dark. As a simple assumption, we introduce two-state reference phases in our model.
where ' / @ ( M ) expresses the state of ' / in light (dark), and ( I expresses the fractional part of ( (e.g.
when ( = 3.7 days, ( I = 0.7 days). In Eq. 3, we normalize * 4 as 26 and light/dark period lengths (7) as 1 day. Then, Eq. 4 is modified as * = 26 ⋅ 7 9:; = 26:
where : is the ratio of a light/dark period length to a free-running period. Eq. 1 is individually integrated under the assumption of Eq. 5 and roughly divided into two cases. Strictly, '(t) with K = ω is calculated by the limit value of Eq. 7. See Appendix A for explicit description.
Results and Discussion
We 3). For the classification, we set two criteria: entrainment by increasing/decreasing of period lengths of circadian oscillation, and occurrence/non-occurrence of "non-entrainment with phase jump." When the 9:; of circadian oscillation is shorter than the periods of light/dark cycles (7) , namely : > 1, the circadian oscillation can be entrained by increasing its period length. In this condition, we did not find phase jump of oscillation in any simulations. When : < 1, the circadian oscillation can be entrained by decreasing its period length. Under this condition, we found phase jump of oscillation in some simulations. Phase jump occurred only when : was smaller than : p . : p is explained in the section below.
Critical values of %
We analytically calculated values of % p . % p was defined as the critical value of % at which transition from "non-entrainment" to "entrainment" occurs. When : = 1, circadian oscillation is always entrained and % p becomes 0. For : > 1, the entrainment trajectory with % = % p includes the following points (See Appendix B):
From the formula of ' in 0 < % < * Eq. 7 and the boundary conditions Eq. 9, we obtained an equation
for % p and * as,
% p as a solution for Eq. 10 exists when 0 < % < * with any : > 1.
For : < 1, the entrainment trajectory with % = % p includes the following points (See Appendix B):
For the range of : p ≤ : ≤ 1, % p is found in 0 ≤ % ≤ *. From the formula of ' in 0 ≤ % ≤ * Eq. 7 and the boundary conditions Eq. 11, the following equation for % p and * is obtained:
For the range of : < : p (< 1), % p is found in % > *. From the formula of ' in % > * Eq. 8 and the boundary conditions Eq. 11, the following equation for % p and * is obtained:
j% p c − * c =log yz% p + * + z% p − *y yz% p + * − z% p − *y
[28]
Entrainment limits
To calculate : p , we analyzed the range of : which had % p with Eq. 12, and set a function {(%):
The Since * = 26: is yielded from Eq. 6, * ≥ 4 means
The relationship : = Ç ÉÑÖ leads,
where circadian oscillation (7 ≥ 7 p ) is entrained in the range of 0 ≤ % ≤ *. On the other hand, circadian oscillation (7 < 7 p ) is entrained in the range of % > * with the condition of Eq. 13. therefore,
is yielded. If the ratios of light duration are shorter than 0.11 or longer than 0.89, this model is incapable of applying to circadian rhythms with 9:; > 7. Discrete models of phase response would be suitable. 
Comparison with previous experimental results

Capabilities of entrainment of circadian rhythms of various organisms to non-24 hour light/dark cycles
Correspondence of our continuous model with discrete models
In most discrete models of circadian rhythms, PRC (Phase Response Curve) is used for grasping behaviors of the response function to light stimulus (1,2,7) . From Eq. 37, the condition for ∑∏π(7 n ) = 7 is equivalent to Eq. 9. When 9:; > 7, the calculation is the same as mentioned above. From Eq. 38, the condition for ∫ª´(7 n ) = 7 is equivalent to Eq. 11.
C. Calculation of the range of º for entrainment with ® < º under light : dark ≠ 2: 2
When % = *, from Eq. 31 and Eq. 32, the phase of the circadian oscillation is described as For Eq. 42 to have real solutions, its discriminant (D) must be larger than or equal to zero.
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Figure Legends
